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Abstract
The main result of the author’s 1968 PhD thesis is the following: Let T be a Sylow 2-subgroup of a finite
simple group. If T has nilpotence class n, then Z(T ) has exponent at most 2n. This result was announced
at a conference in 1970, but the proof was never published. We belatedly provide a proof here, along with
proofs of several related results.
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1. Introduction
The results in this paper were proved in my PhD thesis in 1968 at Chicago, under the direction
of John Thompson, and announced in [2]. After finishing the thesis, I spent a year at Chicago
working on other things, and then accepted a Gibbs Instructorship at Yale where I had the plea-
sure of spending two very productive years working with Walter Feit, Ron Solomon, Len Scott,
and later Richard Lyons. On several occasions, Walter urged me to write up my thesis for publi-
cation, but being the perfect gentleman that he was, he exercised undue restraint, and as a result I
repeatedly put it off and ultimately never published the proofs. Thus, this volume seems to offer
the ideal opportunity to rectify the situation. And Walter, if you are reading this somewhere, all
I can say is: better late than never.
The main result of the thesis is
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n > 1, then Z(T ) has exponent at most 2n−1.
This bound is actually sharp for all n > 1, as demonstrated by the groups T  Z2n Z2 which
are Sylow 2-subgroups of PSL(3, q) for q ≡ 1 (mod 2n). If the center of a p-group has exponent
at most e, then by an elementary argument, so does every upper central quotient. Thus we also
have
Corollary 2. Let T be a Sylow 2-subgroup of a finite simple group. If T has nilpotence class
n > 1, then T has exponent at most 2n(n−1).
The starting point for the proof of Theorem 1 is the following fusion result.
Theorem 3. Let T be a Sylow 2-subgroup of the finite group G. If T has nilpotence class at most
n + 1, then n(Z(T )) is weakly closed in T with respect to G.
Then Theorem 1 follows from
Theorem 4. Let T be a Sylow 2-subgroup of the finite group G. If W ⊆ 1(Z(T )) is weakly
closed in T with respect to G, then W ⊆ O2′,2(G).
2. Proofs
We begin with a proof of Theorem 3. Actually, we can prove a generalization for all primes p
without too much extra effort. The main point is really just the trivial observation that if t2 = 1,
then (1− t)2 = 2(1− t). This is an identity in the integral group ring of the cyclic group of order 2.
I am not sure who first proved the generalization below, but the result was communicated to me
by Bob Sandling when we were both graduate students at Cambridge.
Lemma 5. Let G = 〈x〉 be the cyclic group of order l for any integer l  2, and let A := ZG be
the integral group ring. Let ε :A → Z be the augmentation map defined by ε(xi) = 1 for all i
and let Δ := ker ε. Then Δ = (1 − x)A. If l is a prime then Δl = lΔ.
Proof. It is easy to see that Δ is a free Z-module with basis {1−xi | 1 i < l}. From the identity
1 − xi = (1 − x)(1 + x + · · · + xi−1) it follows that Δ is the principal ideal generated by 1 − x.
Now assume that l is a prime, and let σ := 1 + x + · · · + xl−1. Then Zσ is an ideal of A
and is the kernel of the algebra homomorphism x 
→ ζ where ζ is a primitive lth root of unity.
Substituting X = 1 in the identity
Xl − 1
X − 1 = 1 + X + · · · + X
l−1 =
l−1∏
i=1
(
X − ζ i)
yields
l−1∏(
1 − ζ i)= l.i=1
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l−1∏
i=1
(
1 − xi)= l + mσ
for some integer m. Multiplying by 1 − x yields
(1 − x)
l−1∏
i=1
(
1 − xi)= l(1 − x),
which shows that lΔ ⊆ Δl . Conversely, we have
(1 − x)l = 1 − lx +
(
l
2
)
x2 − · · · − xl = 1 − xl + lμ = lμ
for some μ ∈ A since (l
i
) ≡ 0 mod l for 1  i < l. Applying ε to this equation, we find that
μ ∈ Δ, whence Δl ⊆ lΔ. 
Corollary 6. Let P be a finite p-group of nilpotence class at most n(p − 1) + 1 for some prime
p and positive integer n. Suppose that H ⊆ P and CP (n(Z(H))) = H . Then H = P .
Proof. Proceeding by way of contradiction, we may as well assume that |P : H | = p. We cer-
tainly have CP (Z(H)) = H , whence Z(P ) ⊆ Z(H) and Z(H) is a non-trivial P/H -module.
Let A = Z[P/H ] be the integral group ring, Δ := Δ(A) be the augmentation ideal, and let M be
the (right) A-module [Z(H),P ] = Z(H)Δ. By hypothesis we have Z(H)Δn(p−1)+1 = 0. Then
Lemma 5 yields
pM = pZ(H)Δ = Z(H)Δp = MΔp−1, whence
pnZ(H)Δ = pnM = MΔn(p−1) = Z(H)Δn(p−1)+1 = 0.
But pnZ(H)Δ = 0 means that P centralizes n(Z(H)), a contradiction which completes the
proof. 
We can now prove the generalization of Theorem 3.
Theorem 7. Let P be a Sylow p-subgroup of the finite group G. If P has nilpotence class at
most n(p − 1) + 1, then n(Z(P )) is weakly closed in P with respect to G.
Proof. Put W := n(Z(P )). We claim that if Q is a p-subgroup of G containing W , then
W  Q. It suffices to prove this for Sylow p-subgroups Q, and we do so by induction on
|P : P ∩ Q|. Let H := P ∩ Q, P1 := NP (H), and L := NG(H). Extending P1 to a Sy-
low p-subgroup of L and then to a Sylow p-subgroup P2 of G, we see that W  P2 since
P ∩ P2 ⊇ P1 > H . Thus, Px2 = P for some x ∈ NG(W), and it follows that W = n(Z(P2)).
Replacing P by P2 and changing notation, we may assume that P1 ∈ Sylp(L).
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Sylow subgroup Q2 of G. If we can prove that W Q2, then Qx2 = P for some x ∈ NG(W) and
Qx ∩ P ⊇ Qx1 , whence we are done by induction. So replacing Q by Q2 and changing notation
again, we may assume that Q1 ∈ SylP (L).
Suppose that W  L0  L, then P1 ∩ L0 ∈ Sylp(L0). If Q0 := L0 ∩ Q > H , then Qx0 ⊆ P1
for some x ∈ L0 ⊆ NG(W), whence |Qx ∩ P | > |P ∩ Q|. By induction we have Qxx′ = P for
some x′ ∈ NG(W) and thus W Q. So we may as well assume henceforth that in this situation,
L0 ∩ Q = H . Since Q1 ∈ SylP (L), this implies that H ∈ Sylp(L0).
Since W ⊂ Z(H), we can take L0 := CL(Z(H)) and get CQ(Z(H)) = H . Hence,
CP (Z(H)) = H as well. Thus, Z(P ) ⊆ Z(H), and W ⊆ n(Z(H)). Now we can take
L0 := CL(n(Z(H))) and obtain H = CP (n(Z(H))). By Corollary 6, H = P . 
Now let G be a minimal counterexample to Theorem 4. By elementary arguments which we
will leave to the reader, we have O2′,2(G) = 1. Hence, W ⊆ O2′,2(CG(t)) for every involution
t ∈ T by induction. Put T0 := T ∩ O2′,2(CG(t)), then CG(t) ⊆ NG(T0)O(CG(t)) by the Frattini
argument, and since W is weakly closed in T we have NG(T0) ⊆ NG(W). Thus, NG(W) is
weakly embedded in G, in the sense of [3], and by the main theorem of that paper, G has a unique
minimal normal subgroup which is a simple group of known type whose Sylow 2-subgroup has
an elementary center. This is the desired contradiction, completing the proof of Theorem 4.
3. One more thing
Since the editor’s page limit for articles in this volume has not yet been exceeded, this seems
like a good place to put a related unpublished result. Recall that for a p-group P , J (P ) is the
subgroup generated by all abelian subgroups of P of maximum order.
Lemma 8. Suppose P is a p-group, H  P , and CP (1(Z(H))) = H . Then J (P ) ⊆ H .
Proof. Clearly, we have H = CP (Z(H)). Suppose by way of contradiction that J (P ) ⊆ H .
Then by the corollary to Thompson’s replacement theorem [4], there is an abelian subgroup A ⊆
H such that [Z(H),A,A] = 1. Let t ∈ A\H with tP ∈ H . Then Z(H) becomes a module for the
group ring of the cyclic group of order p, such that Z(H)Δ2 = 0, where Δ is the augmentation
ideal. By Lemma 5, we have
0 = Z(H)Δp = pZ(H)Δ.
In other words, [1(Z(H)), t] = 1, a contradiction which completes the proof. 
We will call a p-subgroup H of a finite group G big if Z(H) ∈ Sylp(CG(H)).
Theorem 9. Suppose that G is a finite group with P ∈ SylP (G). Put M := 〈CG(1(Z(P ))),
NG(J (P ))〉 and let H be a big subgroup of G contained in P . Then NG(H) ⊆ M .
Proof. For p-subgroups H,H1 of G, recall the Thompson ordering: HPH1 if |NP (H)| <
|NP (H1)|, or |NP (H)| = |NP (H1)| and |H | |H1|. Since the result is obvious for H = P , we
may assume by induction that it holds for all H1 >P H .
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Q1 of NL(H1) ⊆ M properly containing H1 and an element x ∈ M with Qx1 ⊆ P . This implies
that Hx >P H , and since Hx is also big, we have Lx ⊆ M by induction and thus L ⊆ M as well.
So we may assume that H1 ∈ Sylp(L). Since H is big, we have Z(P ) ⊆ H , and thus1(Z(P )) ⊆ 1(Z(H)). If H2 := CH1(1(Z(H))) = H , we have L = CL(1(Z(H)))NL(H2)
by the Frattini argument. But CL(1(Z(H))) ⊆ CG(1(Z(P ))) ⊆ M , and NG(H2) ⊆ M by in-
duction since H2 >P H .
So we may assume that H2 = H . But now J (H1) ⊂ H by Lemma 8. From its definition,
we get J (H1) = J (H). Since J (H1) is a characteristic subgroup of H1, we have NP (J (H1))
NP (H1) and therefore J (H1) >P H . Thus NG(J (H1)) ⊆ M by induction, and since J (H1) =
J (H) we have L ⊆ NG(H) as required. 
By a straightforward application of Alperin’s fusion theorem [1], it follows that N :=
NG(J (P )) and C := CG(1(Z(P ))) together control fusion in P , in the following sense.
Corollary 10. Let P ∈ Sylp(G), let x, y ∈ P , and for any subgroup M containing P , write
x ∼M y if xm = y for some m ∈ M . Then ∼G is the equivalence relation generated by ∼N
and ∼C .
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